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Abstract
Let M be a compact irreducible hyperka¨hler manifold, from Bogomolov inequality
[V1] we obtain forbidden values of the second Betti number b2 in arbitrary dimen-
sion.
UPD: Unfortunately, decomposition of dual to BBF-form is not right in the main
theorem. Instead of this work, take a look on recent preprints of Sawon and me on
boundedness of b2 for hyperka¨hler manifolds.
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1 Introduction
One of the main conjectures in the theory of hyperka¨hler manifolds is finitness of number of classes
of hyperka¨hler manifolds up to deformation in each dimension [Bea1]. Huybrechts [H1] has proved
finiteness of the number of deformation classes of holomorphic symplectic structures on each smooth
manifold. Moreover, in most dimensions as we see below we only know the two examples due to
Beauville [Bea1]. Given the properties of a hyperka¨hler structure, one might be led to suspect that
there can not be many more. In two dimensions there are two more examples constructed by O’Grady
[O1, O2]. The conjecture is that there are finitely many hyperka¨hler manifolds up to the deformation
in each dimension. It is well-known, e.g. [H2], for compact hyperka¨hler manifolds the second Betti
number > 3. Thanks to Guan [G] it is known for 4-dimensional hyperka¨hler manifolds that 3 ≤ b2 ≤ 8
or b2 = 23 and also there are some bounds on b3. The conjecture is that the second Betti number
is bounded in any dimension. In the present paper, we obtain results about the Betti numbers of
compact hyperka¨hler manifolds and state the following
Theorem: Let M be a compact irreducible hyperka¨hler manifold of complex dimension n. Then
b2 6= 10+n2−n2 ,
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where b2 is the second Betti number of M .
2 Hyperka¨hler manifolds
Definition 2.1: ([Bes]) Let (M,g) be a Riemannian manifold, and I, J ,K are endomorphisms of a
real tangent bundle satisfying the relation I ◦ J = −J ◦ I = K. If the metric g on M is Ka¨hler with
respect to these complex structures than M is called a hyperka¨hler manifold.
Clearly, complex dimension of hyperka¨hler manifold M is even. A compact Ka¨hler manifold is
hyperka¨hler (HK) if it is simply connected and the space of its global holomorphic two-forms is spanned
by a symplectic form. In algebraic geometry the word ”hyperka¨hler” is synonymous with ”holomorphic
symplectic”.
Definition 2.2: A manifold M is called holomorphically symplectic if it is a complex manifold
with a closed holomorphic 2-form Ω over M such that Ωn = Ω ∧ Ω ∧ ... ∧ Ω is a nowhere degenerate
section of a canonical class of M , where 2n = dimC(M).
Consider the Ka¨hler forms wI(·, ·) := g(·, I·), wJ (·, ·) := g(·, J ·), wK (·, ·) := g(·,K·) onM . A simple
algebraic calculation [Bes] shows that the following form
Ω = wJ +
√−1wK
is of type (2, 0) on (M, I). It is closed, holomorphic and moreover nowhere degenerate, as another
linear algebraic argument shows, hence it is a holomorphic symplectic form. Thus, the underlying
complex manifold (M, I) is holomorphically symplectic. The converse assertion is also true:
Theorem 2.3: ([Bea2], [Bes]) Let M be a compact, Ka¨hler, holomorphically symplectic manifold
with the holomorphic symplectic form Ω, w its Ka¨hler form, n = dimCM . Assume that
∫
M
wn =∫
M
(ReΩ)n. Then there is a unique hyperka¨hler structure (I, J,K, g) over M such that the cohomology
class of the symplectic form wI = g(·, I·) is equal to w and Ω = wJ +
√−1wK .
The Bogomolov-Beauville-Fujiki form was defined in [Bo] and [Bea2], but it is easiest to describe
it using the Fujiki theorem.
Theorem 2.4: ([F]) Let M be a simple hyperka¨hler manifold, η ∈ H2(M), and 2n = dimM .
Then
∫
M
η2n = λq(η, η)n, for some primitive integer quadratic form q on H2(M,Z), and λ > 0 an
integer number.
Fujiki formula (Theorem 2.4) determines the form q uniquely up to a sign. For odd n, the sign is
unambiguously determined as well. For even n, one singles out one of the two choices by imposing
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the inequality
q(Ω, Ω¯) > 0, 0 6= Ω ∈ H2,0(M)
The two-dimension examples of irreducible holomorphic symplectic manifolds are called K3 sur-
faces. In higher dimensions there are only few examples known. Here is the list of known examples,
where manifolds of the same deformation type are not distinguished.
(i) If X is a K3 surface then the Hilbert scheme Hilbn(X) is an irreducible holomorphic symplectic
manifold [Bea2]. Its dimension is 2n and for n > 1 its second Betti number is equal to 23. Construction
of Hilbert Scheme can be found elsewhere, e.g. [Bea1, Bea2]. Let X be a K3 surface. Take the
symmetric product X(r) = Xr/Sr which parametrizes subsets of r points in K3 surface X, counted
with multiplicities; it is smooth on the open subset X0 consisting of subsets with r distinct points, but
singular otherwise. We obtain a smooth compact manifold, which is called the Hilbert scheme X [r] if
we replace “subset” by “subspace”. The natural map X [r] → X(r) is an isomorphism above X0, but
it resolves the singularities of X(r).
Let us describe the easiest case Hilb2(X) explicitly. For any surfaceX the Hilbert scheme Hilb2(X)
is the blow-up Hilb2(X)→ S2(X) of the diagonal ∆ = {{x, x} | x ∈ X} ⊂ S2(X) = {{x, y} | x, y ∈ X}.
Equivalently, Hilb2(X) is the Z/2Z-quotient of the blow-up of the diagonal in X ×X. Since for a K3
surface there exists only one Z/2Z-invariant two-form on X×X, the holomorphic symplectic structure
on Hilb2(X) is unique.
(ii) If X is a complex torus of dimension two, then the generalized Kummer variety Kn(X) is an
irreducible holomorphic symplectic manifold [Bea2]. Its dimension is 2n and for n > 2 its second Betti
number is 7. The Hilbert scheme X [n] of two-dimensional torus has the same properties as X [r], but
it is not simply connected. This is fixed by considering the composition of maps: X [n] → X(n) → X,
where the last map is s (t1, . . . , tn) = t1 + . . . + tn. The fibre Kn(X) is a hyperka¨hler manifold of
dimension 2n - generalized Kummer manifold.
(iii) O’Grady’s 10-dimensional example [O1]. Let again S be a K3 surface, and M the moduli
space of stable rank 2 vector bundles on S, with Chern classes c1 = 0, c2 = 4. It admits a natural
compactification M , obtained by adding classes of semi-stable torsion free sheaves. It is singular along
the boundary, but O’Grady [O1] constructs a desingularization of M which is a new hyperka¨hler
manifold, of dimension 10. Its second Betti number is 24 [R]. Originally, it was proved that it is at
least 24 [O1].
(iv) O’Grady’s 6-dimensional example [O2]. The similar construction can be done starting from
rank 2 bundles with c1 = 0, c2 = 2 on a 2-dimensional complex torus, that gives a new hyperka¨hler
manifold of dimension 6 as in (iii). Its second Betti number is 8.
Thus we have two series, (i) and (ii), and two sporadic examples, (iii) and (iv). All of them have
different second Betti numbers. It has been proved [KLS] that the moduli spaces for all other sets of
numerical parameters unless Hilbn(K3) do not admit a smooth symplectic resolution of singularities.
Note that in any given dimension and for any given second Betti number b2 one knows at most one
real manifold carrying the structure of an irreducible holomorphic symplectic manifold. So,
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Conjecture 2.5: ([Bea1, S]) The number of deformation types of compact irreducible hyperka¨hler
is finite in any dimension (at least for given b2).
3 On the Betti numbers of hyperka¨hler manifolds
Let M be a compact Ka¨hler manifold of complex dimension n. The Hodge number hp,q denotes the
dimension of the corresponding Dolbeault cohomology
hp,q = hn−p,n−q = hq,p
If M be a compact connected hyperka¨hler manifold of real dimension 4m. We can find out more
equalities on Hodge numbers. By studying the action of Sp(m) on spaces of harmonic forms, Wakakuwa
[W] proved that b2k >
(
k + 2
2
)
for k 6 m and that the odd Betti numbers b2k+1 ofM are all divisible
by 4. Moreover, Fujiki using Hodge decompositions refined relative to a choice of complex structure.
He proved [F] that hp,q > hp+1, q − 1 whenever p > q.
Note: The first Betti number b1 for compact irreducible hyperka¨hler manifolds is always zero, but
in general odd Betti number not, e.g. b3 (K2 (T )) = 8.
Wedging with the holomorphic symplectic form Ω = wJ +
√−1wK induces a mapping Hp,q →
Hp+2,q which is injective for p+ 1 6 m and its (m− p)-fold iteration is an isomorphism. In this way,
the equalities on Hodge numbers above are supplemented by the equations
hp,q = h2m−p,q, 0 6 p, q 6 2m.
Proof of these results has been given by Verbitsky [V2] by considering the action of the Lie algebra
so (5) on cohomology.
Salamon proved [Sa] that if X is a compact hyperka¨hler manifold of dimension 2n(= 4m) then
4m∑
i=0
(−1)i (6i2 − n (6n+ 1) bi) = 0
Using Wakakuwa results this shows in particular that ne(X) is divisible by 24, where e(X) is the Euler
characteristic. Note that for a K3 surface the Euler number is 24. Indeed, we can rewrite Salamon’s
relation above in terms of Euler characteristics:
4m∑
i=0
(−1)i 6i2bi = n (6n+ 1) e (X) .
The case of 4-dimensional hyperka¨hler manifolds has been discussed by Guan [G].
Theorem 3.1: If M is an irreducible compact hyperka¨hler manifold of complex dimension 4,
then
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• if b2 = 23, then b3 = 0. The Hodge diamond of M is the same as that of the Hilbert scheme of
pairs of points on a K3 surface.
• if b2 6= 23, then b2 6 8, and if b2 = 8, then b3 = 0.
• in the case of b2 = 7, b3 = 0 or 8.
• in the case of b2 = 3, 4, 5, 6, then the following cases are possible
b2 3 4 5 6
b3 4l, l 6 17 4l, l 6 15 4l, l 6 9 4l, l 6 4
.
• the second Chern class lies in the algebra H(4) generated by H2 (M) iff
(b2, b3) = (5, 36), (7, 8), (8, 0), (23, 0).
To prove the Theorem 3.2 stated in the Introduction we will use Bogomolov inequality [V1]. Denote
by w the Ka¨hler form on M and let n be dimCM , then by Gauss-Bonnet formula, the cohomology
class of Tr(Θ ∧Θ) can be expressed via c1(F ), c2(F ):
√−1
2pi2
Tr(Θ ∧Θ) = 2c2(F )− n− 1
n
c21(F ),
where F is torsion-free coherent sheaf and θ is curvature of hyperholomorphic connection on it. There-
fore, the following integral (since c1 = 0) ∫
M
c2 ∧ wn−2 > 0 (1)
is positive that gives Bogomolov inequality [V1].
Theorem 3.2: Let M be a compact irreducible hyperka¨hler manifold of complex dimension n.
b2 6= 10+n2−n2 ,
where b2 is the second Betti number of M .
Proof:
Let e1, ..., eb2 be an orthonormal basis in H
2(M) with respect to the Bogomolov-Beauville quadratic
form q. Denote the dual form of q by Q ∈ Sym2H2(M). Then
Q = e21 + e
2
2 + e
2
3 −
b2∑
4
e2i .
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Since c2 = µQ+ p, where µ ∈ Q and p ∈ (Sym2H2(M))⊥ then∫
M
Q ∧ en−21 6= 0,
otherwise Bogomolov inequality (1) is not fulfilled.
By Fujiki formula we obtain ∫
M
e21 ∧ en−21 = n!,
∫
M
e2i ∧ en−21 = 2 · (n− 2)! (i 6= 1).
Then using composition of Q given above and sum up
Q ∧ en−21 = n! + 2 · (n− 2)! + 2 · (n− 2)!− 2 · (n− 2)! · (b2 − 3) .
After calculations we obtain
Q ∧ en−21 = (n− 2)! · (10 + n (n− 1))− 2 · (n− 2)! · b2.
Thus,
10 + n2 − n 6= 2b2.

In the case of 4-dimensional hyperka¨hler manifolds b2 6= 11 that has been also proved by Guan
(Theorem 3.1) earlier and in the dimension 6 impossible value for b2 is 20. Recall that all known ex-
amples of hyperka¨hler manifolds in dimension 6 have b2 equal to 7 (O’Grady example), 8 (generalized
Kummer manifold K3(X)) or 23 (Hilb3(X)).
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